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A c c e p t e d m a n u s c r i p t 1 Introduction
The purpose of this article is to investigate some of the possibilities to change the effective material or structural properties for low frequency (LF) wave propagation by using high-frequency (HF) external excitation combined with strong non-linear elastic material behavior. The ability to create dynamical changes in the materials can be utilized in many problems in structural and mechanical engineering, e.g., creating elasto-mechanical filters, waveguides, ultrasonic devices, opto-mechanical components, sound and vibration isolation, health monitoring. In addition studying further the HF effects of non-linear systems can lead to an improved and safer design of mechanical systems and components.
General HF effects in non-linear systems have been studied analytically, numerically and experimentally in many scientific works, e.g., [2] [3] [4] 6, 9, 10, 12, 14, 15] .
HF excitation can change various aspects of the system behavior. This work utilizes the so-called stiffening effect [4] , which results in changes of the effective stiffness for low frequency excitation and the natural frequencies of the system. It can also influence the equilibrium states and their stability. A well known example of the stiffening effect is the upside-down equilibrium stabilization of the Kapitza pendulum on a vibrating support [16] , which belongs to the class of parametrically excited systems. The effects of HF parametric excitation are well understood, and have been studied analytically and numerically in many articles [12, 6, 4] . Experimental verification for various physical systems is presented in [13, 20, 3, 5] . Stiffening can also be observed in externally excited non-linear systems. Analytical and numerical results for calculating the Thomsen) .
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A c c e p t e d m a n u s c r i p t averaged motion of an externally excited system are presented in [8] . A major part of the references cited above addresses single degree of freedom systems.
HF effects for a general class of multi degree of freedom (MDOF) systems have been studied in [2, 4] , and later for continuous systems in [3] .
It has been suggested in recent works [2, 17, 7] to use modulation of the structural/material characteristics in space and time, in order to create materials and structures with adjustable effective properties. Such materials are known as dynamic materials [2, 17] . In [19, 18] HF parametric excitation has been applied to control the effective material properties. In [7] by assuming the existence of a HF standing wave in a continuous non-linear systems, the effective material properties for the LF motion (slow motion) are derived analytically.
Compared to the approaches in [19, 18] , where distributed actuation and control are used, the advantage of the approach in [7] is the use of a single excitation source for generating the HF field. However, in contrast to the parametric case, where the stiffness change depends on the frequency of the excitation, for the externally excited non-linear system it does not depend on the frequency of the excitation, and is proportional to the response amplitude and the strength of the non-linearity. If the non-linearities are cubic, the change in the effective material stiffness is predicted to be proportional to the square of the HF response amplitude. The same effect for undamped Fermi-Pasta-Ulam chains has also been predicted analytically in [24] .
The stiffening can be amplified by increasing the amplitude of the HF standing wave and/or by increasing the strength of the non-linearity. Establishing stable finite amplitude waves in a non-linear medium is not a trivial matter in the general case. Numerical and analytical studies of non-linear chains [21, 22] show, that the energy level per particle necessary to start chaotic behavior 3 A c c e p t e d m a n u s c r i p t increases with fewer particles in the chain, and thus stable standing waves are easier to establish in shorter chains. This property, combined with the fact that the waves with frequencies above a given threshold cannot propagate along linear chains [1] , is used in the present work, in order to create a HF standing wave in a finite non-linear region around the location of the HF excitation. In this way some of the problems related to stability of the HF response can be avoided.
The system considered in the present study is shown in Figure 1 . from the work [16] . Later it was generalized by Blekhman [2] , and is utilized in [3] [4] [5] 7, 8, 12, 13, 15] . The main assumption in MDSM is that the motion can be represented as a superposition of fast and slow oscillations. The equations for the slow motion are obtained by averaging.
The article is separated into two major parts -theoretical analysis and numerical testing. After introducing the equations of motion for the chain shown in Figure 1 , the MDSM is used to obtain the equations governing the slow and fast motions. The obtained analytical results and predictions for the stiffening effect are tested later by numerical simulations.
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f HF f HF Fig. 1 . Spring mass system.
Mechanical model
The considered system, shown in Figure 1 , consists of oscillators with mass m, which are interconnected with springs. The oscillators are labeled with an index j, and their displacements around the static equilibrium position are denoted withũ j . The spring restoring forces are derived from a potential which depends only on the relative distance between the neighbor masses. The equation of motion for the j th mass can be written as:
wheref j (t) is the external excitation applied to mass j, and c is a linear viscous damping coefficient, which is assumed to be small. By introducing normalized time t =ωt, whereω = k/m, (1) becomes:
For a system with N masses, the equations of motion can be written in a matrix form as:
where u(t) ∈ R N is a vector with an element j equal to the displacement of the 
so that:
where r j (u) = u j+1 − u j , u 0 = 0 and u N = 0. The sum
represents the restoring force of the spring interconnecting masses j and j − 1.
The external excitation f(t) is assumed to consist of low-frequency and zero mean high frequency components:
where the high frequency Ω is much larger than the low one ω. In addition, the HF component is assumed to fulfill the following condition:
where τ = Ωt and t s = ωt will be called fast and slow times respectively, and t s is assumed independent from τ in the integration.
Approximate equations governing slow and fast motions
The focus is on the LF system response, and on how the HF excitation affects the relevant system properties. Approximate equations governing the slow motion are obtained by using the Method of Direct Separation of Motion (MDSM) [2] . The solution of (3)- (7) is assumed to be in the form:
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A c c e p t e d m a n u s c r i p t where z is the slow or the averaged motion of the system and ψ is a fast oscillatory function. The function ψ (t s , τ ) is assumed to be periodic in τ with period 2π, and is required to have a zero fast time average:
By averaging (8) and using (9) , the averaged solution u (t s , τ ) τ is equal to the slow motion function z (t s ). The averaging · τ is a linear operator, and
given that (9) is fulfilled, the following relations are fulfilled as well:
where {·} ′ denotes differentiation with respect to τ , and{ ·} denotes differentiation with respect to t s .
By inserting (8) and (6) into the equations of motion (3), and averaging with respect to the fast time, the equations for the slow motion are obtained in the following form:
The expression for the averaged restoring force Φ (z + ψ) τ in (11) is obtained by using (5), and by expanding the result on LF and HF displacement differences:
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Eq. (12) can also be written in the following form:
In the general case the term Φ j (ψ) τ = 0 and on average the HF response correspond to additional static forces in the equations governing the slow mo- An estimate of the HF response ψ is necessary, in order to evaluate the coefficients in the equations governing the slow system motion. The equations governing the HF motion are obtained by inserting (8) into (3) and subtracting (11) , and read as follows:
where V(t s ) represents the last two sums in (12) . The two systems of integrodifferential equations (17) and (11) 
into (17), dividing by Ω 2 , and rearranging the terms, the following equation is obtained:
The order of the derivatives of the fast motion with respect to the slow and the fast time is assumed to be the same:
Waves with frequency ω propagating along the chain have a relatively long wave length compared to a fast wave with frequency Ω. Therefore the differences r j (z) and their powers have relatively small values, and thus the term
2 is assumed to be small. For a given response this assumption and (21) can be checked a posteriori. Using the above arguments and the initial assumption that Ω ≫ ω, the following simplified system of equations for the fast motion is obtained:
In the case when Ω 2 is much larger than the stiffness-to-mass ratio of the springs interconnecting the masses, and there is a lack of resonance effects, the damping and the restoring forces in (22) can be neglected, and the so-called 9 A c c e p t e d m a n u s c r i p t inertial approximation [2] for the HF motion is obtained:
A discussion on the applicability of the inertial approximation and a comparison with the results obtained by using (22) is given in Section 4 and is discussed more generally in [5] .
Example 1: Linear plus cubic non-linearity
Here the expression for the restoring force for mass j has the following form:
The resulting mechanical model corresponds to the Fermi-Pasta-Ulam chain used in computational physics, e.g. [22] . The equivalent restoring force for the equation governing the slow motion is obtained by using (14) :
It is assumed that (9) is fulfilled, and hence the coefficients in front of the even powers of r j (z) will be zero. As it appears, for the slow motion, the HF response results in an increase or a decrease of the linear stiffness of the springs between the masses, depending on the sign of a 3,i . The change is proportional to the degree of the non-linearity and the square of the HF amplitude. Similar result for a continuous system are obtained in [7] . The high order non-linear terms in the restoring force are not affected. m a n u s c r i p t
Example 2: Essentially cubic non-linearity
Here the coefficient a 1,i in (24) is zero, and the equivalent coefficient (26) becomes:
The HF response in this case results in a significant change of the system behavior. Slow waves with small amplitudes will propagate along the HF excited chain in a similar way as in a linear chain with spring stiffness given by (28).
Example 3: Asymmetric non-linearity
Here the restoring force compared to (24) is extended with an even order non-linear term and an additional fifth order term.
The equivalent coefficients in (15) become as follows:
The stiffening effect compared to Example 1 is stronger for a HF response with the same amplitude, due to the additional positive term in (31). In addition, due to the even power in the restoring force, the average Ψ (ψ) = 0 and the HF motion will result in an additional equivalent static force for the slow motion.
Analytical predictions -summary
The analytical derivations show, that explicitly applied HF external excitation causes changes in the effective stiffness for a LF wave propagation. The stiffness change is proportional to the amplitude of the relative displacements and to the strength of the nonlinearity. In chains with springs having essentially nonlinear behavior, the HF excitation adds effective linear stiffness for the LF motion. The HF effects in nonlinear chains rely on the establishment of a stable HF periodic motion with a large amplitude of the relative displacements.
Numerical simulations and examples
Numerical simulations are performed with a finite spring-mass chain, using standard numerical integration routines from the SUNDIALS library [23] , to test the above analytical predictions. Alteration of the chain stiffness leads to a change of the wave velocity along it. The stiffening effect can be observed by registration of these changes for a system with applied HF excitation. The slow motion has a relatively large wave length, and the contribution of the highorder displacement differences to the restoring force can be neglected. Thus, the wave propagation in the chain with a HF excitation can be compared with the wave propagation in an equivalent linear system with parameters estimated by using (16) . For shorter waves with large amplitude it might be necessary to take into account the high order terms in the equivalent restoring force for the slow motion, however these cases are outside of the scope of this article. The numerical tests are performed for stiffening non-linearity. In the case of a softening, a decrease of the wave velocity can be observed. Depending It is demonstrated in [22, 21] , that the energy per mass, necessary for obtaining The investigated system is a chain with 2000 masses. At both ends the displacements are set to be zero. In every cell of twenty springs and twenty masses, one pair of neighboring springs is elastically nonlinear, while the other springs are linear (Figure 2 ). The HF response is generated by harmonic excitation with amplitude raising slowly from zero to the final value A HF .
Initially, large damping is introduced in the system, as dashpots between the masses, and the damping coefficients decrease slowly to a prescribed small value with the same rate as the HF amplitude. In this way the transient HF response is damped faster, and the contribution of the damping forces to the dynamic equilibrium, when a steady state is reached, is small. The fast decay of the transients helps the system to reach a steady state oscillatory motion, rather than a complex quasiperiodic or chaotic response. Once a steady state due to the HF excitation is reached, a Gaussian modulated pulse is generated by prescribing the displacement at the left end of the chain:
where t g = 3500 + 3T , T = 2π/ω, A w is the pulse amplitude, and ω is the slow frequency. The wave velocity for the slow motion can be estimated by finding the displacement maximum u j max and u i max , and by using the following expression:
where t j and t i are the time instances, when mass j and mass i reach the maximum value of the displacements. 
Inclusions with linear plus cubic non-linear behavior
The stiffening effect is illustrated in Figure 3 . Snapshots of the spatial displacements of two chains, with and without HF excitation, are presented. A Gaussian modulated pulse with frequency ω = 0.025 is generated by using (34) in both chains. The pulse in the chain with the HF excitation propagates faster than the one in a chain without it. The small spikes in the system with HF excitation are due to the localized HF response in the non-linear inclusions.
A plot of the wave velocity versus the amplitude of the HF excitation, for a chain with non-linear inclusions with restoring force given by (24) , is shown in 
lations.
If the restoring and damping forces in (22) can be considered to be small compared to the inertial force, the inertial approximation (23) for the HF motion is obtained. An estimate of the wave velocity by using the inertial approximation and numerical simulation with the non-linear system, is shown in Figure 5 . As the HF frequency increases, the inertial approximation gives better results. For lower frequencies the estimation starts to deviate from the numerical simulations when the amplitude of the excitation increases.
Increasing the amplitude of the excitation is leading to an increase of the amplitude of the HF response, and thus, the restoring force term in (23) systems, the inertial approximation will not lead to a good prediction, even in the case when resonance effects are avoided. For weakly non-linear systems it leads to very good results.
The wave speed in chains with inclusions having different strengths of the non-linearity is shown in Figure 6 . As the inertial term is dominant in the equations of motion governing the HF motion, the increase of the excitation amplitude leads to an increase of the amplitude of the HF motion, therefore, stronger non-linearity will lead to a higher equivalent stiffness and a higher wave speed, as shown in Figure 6 .
Inclusions with essential non-linearity
HF excitation in combination with strong non-linearity can lead to qualitative changes. If the inclusions in the chain are essentially non-linear (a 1 = 0), it is observed that a wave propagating along the chain will approach a shock wave after passing through a few non-linear inclusions. If a HF excitation is applied, Figure 4 with HF excitation frequency Ω = π, and γ = 100, 50, 25, 10 for plots 1,2,3 and 4.
The second plot shows the equivalent stiffness increase of the non-linear spring with respect to the amplitude of the excitation A HF .
the HF motion generates an equivalent linear stiffness, as shown by (28), and the chain becomes transparent for long waves. Comparison of the wave velocity for an equivalent linear system and numerical simulations with the non-linear system, is shown in Figure 7 . The amplitude of the generated long wave in this case is A w = 0.1. The system response does not show any unstable behavior in the considered time/space interval, and the results obtained by using the equivalent linear system coincide very well with those obtained by numerical simulations for the non-linear system. The equivalent stiffness in this case can be significantly altered due to the strong non-linearity.
Inclusions with high-order non-linearities
The results presented in Section 3 and derived with the polynomial form of the potential are valid for a much wider class of systems. The equations (4) and (5) restoring force. The wave velocity versus the amplitude of the HF excitation for a system with 2 non-linear inclusions on every twenty springs are shown in Figure 8 . The restoring forces of the non-linear springs for the three presented cases are given as:
The values of the parameters β and n are chosen so that the coefficients in front of the third power in the Taylor expansion are equal. The expression for the cubic restoring force (38) is equal to the first two terms of the expansion into
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Taylor series of (37). For small amplitudes of the HF response the equivalent wave speed in the chain is almost the same for all three restoring forces. As the HF amplitude increases, the high order averaged terms start to have a higher contribution to the equivalent coefficients, e.g. (30), and the equivalent system becomes stiffer for stronger non-linearity.
Although the results demonstrated so far are for short non-linear embedded chains consisting of two non-linear springs, the analytical predictions in Section 3 are valid for longer non-linear inclusions, as long as the HF motion is periodic or quasiperiodic, and the condition given by (9) is fulfilled. The wave velocity versus the amplitude of the HF excitation in a chain with four and five elements in the non-liner inclusion on every twenty springs is shown in Figure 9 . The non-linear restoring force of the spring is modeled by using (37) with β = √ 66, and the equivalent linear stiffness is estimated by using (38) and (26). The fast time average is estimated by numerical simulations. The HF forces are applied to all masses in the non-linear inclusion with alternating signs, in order to create higher displacement differences.
Generating a static force by means of HF vibrations
According to the analytical predictions in Section 3, a HF response combined with elastic non-linearity can generate an equivalent static force, if the periodic motion is not an odd function with respect to any point in the time interval 
The possibility to generate an equivalent static force and a new equivalent static equilibrium position, is verified here by using numerical simulations.
The investigated chain, shown in Figure 10 , consists of two linear parts with 9 springs and in the middle, 2 non-linear springs shown in bold. The central mass is excited by a harmonic HF force with a frequency in the stop band of the chain, i.e., above the highest linear natural frequency. The stationary HF response is localized around the location of the HF excitation, and the response of the masses far from the excitation is non oscillatory. Therefore, the new equilibrium is a true static equilibrium, and zero mean HF oscillatory motion can be used for generating true static forces and displacements. It should be pointed out that in the case of sub-harmonic resonance, the external HF excitation may generate response within the pass band of the chain, and then the new equilibrium will be static only in the average sense.
The restoring force for the non-linear springs is derived from the widely used in particle simulations Morse potential (e.g. [21] ):
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The strength of the non-linearity is controlled by the parameter β, and the term 1/2β 2 scales (40), so that the slope at r = 0 of the restoring spring force f M (r) is a 1 . The numerical simulations are performed with excitation frequency π and a restoring force for the non-linear springs given by (41). The resulting pre-stressing force in the linear part of the system is compared to the one obtained from the solution of (39) with equivalent parameters evaluated for the Taylor expansion of (41) given as: 
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